Relativistic-covariant Bohmian mechanics with proper foliation 
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In classical relativistic mechanics, a "preferred" proper direction in spacetime for each particle is 
determined by the direction of its 4-momentum. Analogously, for each quantum particle we find 
a local direction uniquely determined by the many-particle wave function, which for each particle 
defines the proper foliation of spacetime. This can be used to formulate a relativistic-covariant 
version of Bohmian mechanics, with equivariant probability density on proper hyp ersurf aces. 
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Bohmian mechanics [l[ is a formulation of quantum 
mechanics in terms of deterministic particle trajectories, 
with valuable interpretational 0^3: practical (a-Qi an d 
weakly measurable aspects. A mayor remaining 

technical and conceptual challenge for Bohmian mechan- 
ics is to reconcile its explicit nonlocality with the theory 
of relativity. 

A promissing approach to relativistic Bohmian me- 
chanics is to formulate it in a manifestly covariant form 
with the aid of an additional local unit 4-vector 
14j . This additional structure in the theory defines a 
"preferred" foliation of spacetime - the foliation for which 
hypersurfaces are orthogonal to N^ 1 . The problem with 
this approach is that the theory in its current form does 
not specify how to choose N^. 

In the present paper we find the natural choice of 
N 11 for each particle uniquely determined by the many- 
particle wave function of the system. (The possibility 
that N>* could be determined by the state of the system 
was also suggested in 0, EH , but the specific proposals 
there were not fully satisfying [lij].) In this way the "ad- 
ditional" structure is not additional at all, but is already 
encoded in the wave function itself, used also to calculate 
probability densities and Bohmian particle velocities. 

The basic physical idea is very simple. In empty space- 
time with Minkowski metric g^ v (we use the signature 
(H ) and the units c = 1) there is no any pre- 
ferred direction in spacetime. However, this is no longer 
true when matter is present. In particular, if there are n 
classical particles at the spacetime positions x a — {a;^}, 
a = 1, . . . , n, then the 4-momentum k£ of each particle 
defines a preferred direction in spacetime at the position 
x a . Each such direction defines a local 3-dimensional 
patch orthogonal to k£, corresponding to a local proper 
coordinate frame in which the particle is at rest. 

To get a feeling how a quantum analogue of it may look 
like, consider a many-time wave function of the form 



1p(xi, . . .,X n ) = 1pl(xi) ■ ■■■>pn(Xn), 



(1) 



where ip a (x a ) = e~ lka ^ x ^ is a momentum-eigenstate 
plane wave. (The Einstein convention of summation over 
repeated indices refers only to vector indices fi, while 



the summation over the particle labels a is to be per- 
formed only when the summation ^ a is indicated explic- 
itly.) The phase of the wave function is S{x\, . . . , x n ) — 
J2 a s a(x a ) with S a (x a ) = -k a ^x%, so the vector 

fafj,{x a ) = da^SixXi ■ ■ ■ , X n ) = k afJ/ (2) 



defines the proper direction for the a'th particle every- 
where in spacetime (not merely "at the position of the 
particle", since the wave function by itself does not de- 
termine a particle position). 

In general, however, the wave function does not have a 
product form (|T|), so the simple definition of the proper 
direction-vector in should be generalized to a math- 
ematically more sophisticated expression. In this paper 
we find such a more sophisticated expression generalizing 
@. After that we use it to formulate Bohmian mechan- 
ics in a relativistic covariant form, by generalizing the 
results of [12l4l4| to include foliations which depend on 
the particle and are not spacelike everywhere. 

Consider first particles without spin. The wave func- 
tion ip(x\, . . . , x n ) satisfies n Klein-Gordon equations 



(0"-0 /la +m^ = Q, 



(3) 



one for each a, where d fJ-a = d/dx% a . The crucial quantity 
calculated from tp, from which everything else will be 
expressed, is the n- vector 



J/41. 



t {xx,...,x n ) = ip*r Ml ■■■T tln ip, 



(4) 



where = \ d M and Ad^B = A{d t ,B) - (d^A)B. Due 
to dSJ), the n- vector (j4]) satisfies n conservation equations 



0, 



(5) 



one for each x a . 

Now let Si, ... , £„ be a collection of n arbitrary hy- 
persurfaces. They do not need to be spacelike everywhere 
[17j . but we choose them to be spacelike at infinity. The 
covariant measure of the 3-volume on S Q is 



dS»° ^d 3 x a \g^\ 1/2 n^, 



(6) 



where n >la (xa) is the unit vector normal to E a and 
<?a (x a ) is the determinant of the induced metric on E Q . 
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For definiteness, n fi ° is oriented such that it is future- 
oriented at infinity where S a is spacelike. We take ip to 
be a superposition of positive-frequency solutions of ([3]) 
and normalize it such that the n-particle Klein-Gordon 
scalar product (?/>, ip) is equal to 1: 



d 3 X! ■■■ d 3 x n n^ 1 ■■■ h^j^...^ 

El JS„ 

1, (7) 



where 



| ff W|W- 



(8) 



and the tilde above denotes that n^" transforms as 
a vector density. The unit normal vector n^" (x a ) is well- 
defined at points x a at which the hypersurface is spacelike 
or timelike. At points at which it is null the quantities 
« Pa (x a ) and Ig^ixa)^^ 2 are ill-defined, but their prod- 
uct © is well-defined everywhere [13] • From and the 
Gauss theorem one can see that ([7]) does not depend on 
the choice of hypersurfaces Si, ... , S n . 

The n-vector (UJ uniquely defines n 1-particle currents 
jfj, a (x a ) by omitting the integration over dS^ a in ([7]). For 
example, for a = 1 



3m ( x i 



dS^ 2 



dS^ 



(XX,.. 



(9) 

and similarly for other a. Just like (O, the current 
© also does not depend on the choice of hypersurfaces 
Si, ... , £„. 

In particular, for the product wave function as in ([T}, 
one finds that j^ a (x a ) oc k^ a (where k {ia = k all and the 
constant of proportionality is irrelevant), so comparison 
with ([2} demonstrates that jfj. a (x a ) could determine the 
proper direction for the a'th particle. However, what 
we need is a vector field / A , a (x a ) which defines a unique 
proper foliation of spacetime for the a'th particle, such 
that fii a {xa) is everywhere normal to the proper-foliation 
hypersurfaces. One cannot simply take / Ma (x a ) to be 
equal to j fia (x a ), because, in general, for an arbitrary 

(x) there is no foliation with hypersurfaces everywhere 
normal to j fl (x). Instead, from a given j^{x) one needs 
to extract the appropriate / M (x) which does define the 
foliation with hypersurfaces everywhere normal to f^(x). 

The extraction of such /^(x) from a given j^ix) is a 
general mathematical problem. The solution, indicated 
also in 12j, is as follows. A sufficient condition for /^(x) 
to define a unique foliation is that it can be written as 

//.(*) 



d^4>(x) for some function 4>{x) [18 1 



Since d p 0(x) 



is normal to the hypersurfaces, it follows that 



4>{x) 



dx^dMx) 



dx"U{x) 



(10) 



is constant on any hypersurface normal to /^(x). The 
condition / M (x) = d^4>(x) implies 



d„fp(x) - dpfvix) = 0. 



(11) 



So, to extract the / M (x) satisfying (jlip from given j M (x), 
we write j M (x) in terms of Fourier transforms 



d A k 
(2?r 



-ik-x 



,4 J V 



where k ■ X — /bQ/ X a . Then /^(x) is determined by 

d 4 k 



(2tt 



where 



f a (k)k° 



k ■ k 



(12) 



(13) 



(14) 



(15) 



Indeed, from <jT3J) with (JT5J one easily finds that ([15]) 
satisfies (1111) . In particular, if j^(x) = d^(t>(x), one 
can check explicitly that the procedure (|T2^) - (fT5|) gives 
/ M (x) = jfxix). This shows that (|T4| with (|T5|) extracts 
the foliation-defining part /^(x) of given ^(x). 

Now we can turn back to physics. From j Aia (x a ) for 
each particle we extract / Ma (x a ) by the procedure above. 
This defines the proper foliation for each particle, with 
the unit vector N^(x a ) = / yJ\f Va f Va I normal to the 
hypersurfaces of proper foliation. Even though N^ a is 
ill-defined at points at which f^ a is null, the direction of 
N^ a is well-defined, which for our purposes will turn out 
to be sufficient. 

Note that, in general, 7V Ma (x) = N£(x) depends on 
a. If ip(x\, . . . , x n ) is symmetric or antisymmetric under 
the exchange of all x a >, then N£(x) is the same for all 
a. But in general, the wave function may be neither 
symmetric nor antisymmetric. In particular, when the 
masses m a in ([3]) depend on a, then the particles are 
not identical, in which case there is no physical reason to 
expect symmetry or antisymmetry of the wave function. 

Now when we are equipped with unit N^" (x a ) directed 
as / Ma (x a ) given by fl"4"]) . we can formulate Bohmian 
mechanics in a relativistic-covariant form. We intro- 
duce nonlocal vector fields V^ a (x% , . . . , x„) by contracting 
jjui-.-Mn w ith (n — 1) normals AT/V , a 1 ^ a. For example, 
for a = 1 

Vfii [x\ , ■ ■ • , X n ) — ■■■f*n ip^X i • ■ • i •En) 

N^(x 2 )---N^(x n ), (16) 

and similarly for other a. Even if the norm of V fla is not 
well-defined at points at which N 1 **' is null, the direction 
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of V lla is well-defined everywhere. Therefore, it is consis- where 
tent to postulate that the Bohmian particle trajectories 
are integral curves of V Ma . Such trajectories satisfy a co- 
variant equivariance equation on proper hypersurfaces, 
which we now prove. 

The proof rests on two crucial observations. First, ([5]) 
implies <9 Ma U Ma = 0, which we write in the form covariant 
under general coordinate transformation as 



(17) 



V^V"- =0, 

where V Ma is the covariant derivative. Second, (|16[) im- 
plies that N^V^ does not depend on a, so that we have 

N^V lil =--- = N^V fln =p, (18) 

where p(xi, . . . , x n ) is defined as 

P = j fil ... fln N^---N^. (19) 

To prove the equivariance explicitly, we use the fact 
that any vector A^ a can be decomposed as 



= A» a + A£, 



(20) 



where A^ a is parallel with N^ a , while A^ is normal to 
N*- la (i.e., parallel with the proper hypersurface) . More 
explicitly, 

N aa A 

II N"*N„ a a v ' 

where = N^ a / N Va N Va . Eqs. (JUJ) and ® give 
A^ a B± fJia = for any two vectors A^ a and B^ a . There- 
fore (fTT)) can be decomposed as 



vii,^r 



Vj.^Vf" =0. 



(22) 



Using (f2"Tj) , the first term in 



can be written as 



L^ a u^ a N a "V aa p+ p8 a , where 
ljV Qa V tta (u Ma w Ma ) is propor- 



due to (fT5|). so Vy^Vj 

tional to a Dirac <5-function vanishing everywhere except 
at points at which the unit norm u Ma it Ma changes sign. 
Such a singular term p8 a appears also in the second term 
of (|22"1) with the opposite sign, so the singular terms can- 
cel up in (|2"21 . Thus it is consistent to redefine both terms 
in (j2"2"|) so that the singular term is subtracted from each 
of them. As a result, with such a redefinition we have 



u u^N^V^p. 



(23) 



Next we parameterize the integral curves of V^ a as 
X fla (s) with a scalar parameter s increasing along the 
curves, so that 



dX^(s) 
ds 



= v^(X 1 (s),...,X n (s)) 



(24) 



TV' 1 " 



signp, 



(25) 



the last equality is a consequence of (fT8"|). and sign/? = 
p/\p\. In local coordinates x^ a — (a; 0a ,x a ) in which 
N^ a — (1,0,0,0), one can introduce the quantity 
p(xi,...,x„,s) ee p(X 0l (s),Xi,...,X°"(s),x„), imply- 
ing 

dp A dX°- dp <A 

^=£^^=2>^<w>- ( 26 ) 

a— 1 a— 1 

The covariant version of (|26p . valid everywhere for any 
A^(z ), is 

a— 1 a— 1 

71 

= signpY^V^iV^V^p 

a=l 
n 

= signpE^llM-T' (27) 

a=l 

where (f2"5")) and (|2U)) were used in the second and third 
line, respectively. Therefore, by summing (|2"2")l over a and 
using (|27)) and (|25|) . we finally get 



f + E^(l*r) = o. 



(28) 



This can be recognized as the covariant equivariance 
equation for the probability "density" \p\. More pre- 
cisely, the probability density on proper hypersurfaces 
transforming as a scalar density is 



\p(x 



(29) 



where p = j f _ ll ... lln N >11 ■ ■ ■ N^ n is well-defined even at 
points at which a proper hypersurface is null (see Eq. ([5]) 
and the discussion of it). 

The parameter s can be used to parameterize the 
proper hypersurfaces as S a (s). Namely, each proper hy- 
persurface S a is defined by a value <f> a constant on the 
hypersurface, where 4> a is a function of s determined by 
(flO]) and (J24]). Explicitly, this function is 

dX»' 



cj) a {s) = ds 
Jo 



, /s Ua = J o d« «"•//»., (30) 



where the integrals are evaluated along the trajectories 
(PMl) . Hence, if a statistical ensemble of particles with 
velocities ([24]) has the probability distribution (l29l) at 
some initial collection of proper hypersurfaces £i(s = 
0), . . . , S„(s = 0), then (f2"5| implies that the ensemble 
has the distribution (f2T)| at Si(s), . . . , S„(s) for any s, 
which finishes the proof of equivariance. 
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Concerning the probability density (|2U)) , one additional 
comment is in order. In general, N^ 1 ■ ■ ■ N^j^,,,^ may 
be negative at some parts of proper hypersurfaces. Thus, 
the comparison with (J7J implies 



as a scalar and 7 M as a vector under coordinate transfer- 



rf 3 



X\ 



d x n p > 1. 



(31) 



The case > 1 has a simple physical origin 13|, 14 [. This 
happens when the congruence of all particle trajectories 
satisfying (f2~4"|) is such that some trajectories cross some 
proper hypersurface E a more than ones. If one takes 
truncated hypersurfaces H' a C E Q such that each tra- 
jectory X a (s) crosses E^ ones and only ones, then the 
integral (131 [) (with the integration-region replacements 
E a -)• S^) is strictly equal to 1 Q- 

Finally, let us generalize all this to the case of parti- 
cles with spin. The only non-trivial issue is to find a 
generalization of (Q}, because once j Atl ... At „ with prop- 
erty ([5]) is known, the rest of the procedure is the 
same as for spinless particles above. The wave func- 
tion 'i/Ji 1 ...i n (xi, • ■ • ,x n ) of n particles with spin car- 
ries n discrete spin indices l±, . . . , l n . Each component 
4>h...l„ (xi, . . ■ , x n ) with fixed values of Zi, . . . , l n satisfies 
the Klein-Gordon equations ([3]). (For spin-i and spin-1 
Klein-Gordon equations see, e.g., |l9j.) Thus, the obvi- 
ous generalization of satisfying (O is 



3 m- 



1>% 



(32) 



where ip^Aip = ; l A ipi x ...i n for any object A 

not carrying spin indices li, . . . , l n . 

However, the case of spin-^ requires a more careful 
discussion. This case has been studied in more detail in 
12J, |l3[ , where instead of (|3"2"|) a different choice has been 
proposed 



3t 



(33) 



Here 7 Ml • • • 7^ is the direct product of n Dirac matrices 
and i/i = ?/^7 01 • • • 7°™ ■ It has the advantage that j' 
is positive definite and (JSJ) is timelike everywhere, so (|2T))) 
can be taken without the absolute value. The problem 
with (|33[) is that it cannot be generalized to spin-0 and 
spin-1, while (|32[) works for any spin. 

When (|32p is applied to spin-i, an additional clarifica- 
tion is needed concerning the transformation properties 
of (|32j) . From known transformation properties of spinors 
under Lorentz transformations [20j, one might naively 
conclude that (|3"2"f does not transform as an n-vector. 
However, this is not really true [l| 
spinor-transformation properties I2£ 




The standard 



cannot be general- 
ized to curved spacetime, so for general purposes it is 
more convenient to redefine the transformation proper- 
ties of spinors and Dirac matrices such that -0 transforms 



mations 22|, |23| . Such a redefinition of transformations 
does not alter the n-vector transformation properties of 
I, but implies that (1321) also transforms as an n-vector. 



To conclude, in this paper we have shown that 
Bohmian mechanics can be formulated in a relativistic- 
covariant form. The central quantity calculated from 
the wave function is the conserved n-vector from 
which one calculates j Ma (x a ) given by the foliation- 
defining part fii a {x a ) of which is given by (fT4]) - (fT5)) . This 
determines the proper foliation for each particle, which, 
in turn, can be used to formulate Bohmian mechanics in 
a unique relativistic-covariant form by generalizing the 
methods developed earlier in 12|-|l4 1 . 
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